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The weight of an edge in a graph is the sum of the degrees of its end-vertices. It is proved
that in each 3-polytope there exists either an edge of weight at most 13 for which both incident
faces are triangles, or an edge of weight at most 10 which is incident with a triangle, or else an
edge of weight at most 8. All the bounds 13, 10, and 8 are sharp and attained independently of
each other.

The weight of an edge in a graph is defined to be the sum of the degrees of its
end-vertices; the weight, w, of a graph is the minimal weight of its edges. Kotzig
proved [5] that w < 13 for each 3-polytope and [6] w < 8 for each bipartite 3-
polytope. Both bounds 13 and 8 are sharp as shown by the duals of the (3,10,10)
Archimedian solid and the (3,5,3,5) Archimedian solid.

An edge is called semiweak if it is incident with at least one triangular face;
the semiweak weight, w*, of a graph is the minimal weight of its semiweak edges.
Similarly, an edge is weak if both the edges incident with it are triangles; the weak
weight is denoted by w**. Clearly, w**>w* > w.

Recall that the normal planar maps are defined to contain no vertices or
faces incident with less then three edges. Trivial examples show that if a planar
map fails to be normal, then w may be arbitrarily large. Recall also that due
to Steinitz Theorem (8] (for more accessible reference see 4, p.452]), 3-polytopes
are distinguished among all normal maps by the property that their graphs are
3-connected.

In [3], I proved that w <13 for each normal planar map, thus confirming, in
particular, the same conjecture raised by Erdés for planar graphs without loops
or multiple edges and of minimal degree three and established by Barnett (see [4,
pp-454 and 467]). Moreover, for each normal planar map one has either w** < 13,
or w* <12, or w<11, see [2]. These and similar structural results were discovered
as a tool for solving some coloring problems on planar graphs [2]. For example,
Kronk and Mitchem’s conjecture [5], xvet < A +4, on the entire coloration of the
vertices, V, edges, E, and faces, F, of a planar graph having the maximal degree
A was confirmed (1] for all A >10. This had been confirmed earlier for A=3 only
(5]. Moreover, for A>14, I proved [1] that Xyes < A+2, which is already the best
possible as shown by the star graph K o (there are A+ 2 pairwise adjacent or

AMS subject classification code (1991): 05 C 10, 05 C 15



122 OLEG BORODIN

incident elements in it: the central vertex, all A edges, and the unique face, so that
A+ 2 colors are needed to color them).

The purpose of the present note is to complete these structural results by the
final

Theorem. For each normal planar map, either w** <13, or w* <10, or else w<8§;
moreover, all the bounds 13, 10, and 8 are sharp.

Proof. The figure below represents a graph with w** =14, w* =10, and w=9 (the
six outgoing edges meet at the South Pole if the central vertex corresponds to the
North Pole); the two Archimedian constructions mentioned above have w** =w* =
w =13 and w** = w* = 00, w = 8, respectively. It follows that the bounds in our
Theorem are sharp and attained independently of each other.

Let G be a counterexample for Theorem, i.e., have w** > 14, w* > 11, and
w>9. The Euler formula |V|— |E|+ |F| =2 for G may be rewritten using the

relations
AE) =) s(v) =Y r(f)=> ilF
veV feF i>3
as
(1) D (s(0) =6)+ D (20~ 6) + |F| = ~12,
veV i>4

where s(v) is the degrees of a vertex v, 7(f) is the size of a face f, and Fj is the set
of i-faces. Vertices and faces incident precisely with i edges, are called i-vertices
and i-faces, respectively.

We attribute to each vertex, v, a charge g{(v)=s(v)—6 and to each face, f, a
charge g(f)=2r(f)—6. Now (1) transforms into

(2) Y 9w+ gl =-12

veV feF

These charges will now be locally redistributed, keeping their sum constant,
according to the following Rules 1 and 2 (we define an edge to be strictly semiweak
if it is semiweak but not weak):
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Rule 1. Each non-triangular face, f, transfers to each vertex, v, in its boundary:
1 ifs(v)=3;
1/2 if 4<s(v) <5,
orif f=[...uwvw...] with s(u)>7, s(v)>7, s(w)>5.

Rule 2. Let e=(w,v) be an edge with s(w)>7, s(v) <5. Then the following charge
is transferred along e from w to v:
1 if s{(v)=3 and e is weak;
1/2 if s(v)=3 and e Is strictly semiweak,
or if s(v)=4 and e is weak;
1/4 if s(v)=4 and e is strictly semiweak;
1/5 if s(v)=>5 and e is weak.

New charges of the vertices and faces of G are denoted by a function . Then

(3) > h(v)+ Y A(f) = -12.

veV feF

The remainder of our proof consists in verifying A{z) > 0 for each z € VU F;
this will yield an obvious contradiction with (3). Of course, Rules 1 and 2, as well
as our subsequent arguments, entirely depend on the properties w** > 14, w* > 11,
and w>9 of G.

Let f be a k-face. If &k = 3 then A(f) = g(f) = 0. Let k > 4 and f =
[...vgv1v2v3...]. Observe that since w > 9, the vertices which receive 1 from f
each are not consecutive in the boundary of f. If k =4, we have g(f) =2. At
most two of the v; may receive 1 from f each; if, say, v; and vg are such, then it is
clearly seen from Rule 1 that v and v4 do not receive anything from f, and h(f)>
2—-2-1=0. If precisely one of v;, say v; has degree 3, then at most two of vg, v3,
v4 may receive 1/2 each, and A(f) >2—-1-2-1/2=0. Finally, if s(v;) >4 for all
1>4, then h(f)>2-4-1/2=0. If k=5, we have g(f) =4, but since at most two of
the v; have degree 3, we have h(f)>4—2-1—3-1/2>0. To complete the analysis,
observe that if k>6 then trivially h(f)>g(f)—k=2k-6-k>0.

Let ve€ V. It is a direct consequence of Rule 2 that h(v) =0 for all vertices
of degree 3 or 4. The same is true for those 5-vertices which are not incident with
non-triangular faces. For all other 5-vertices, it is easily verified that h(v) > 0.

Case 1: s(v)=86. Since v does not transfer anything due to the properties w** > 14
and w*>11 and Rule 2, one has h(v) =¢(v)=0.

Case 2: s(v) = 7. The transfer from v is possible only to 4-vertices, and only
along strictly semiweak edges. But no two such edges-conductors are consecutive
since w* > 11. It follows from a small case analysis that the number of such
edges is at most four; on the other hand, each of them conducts 1/4; therefore
h(v)>1—4-1/4=0.

Case 3: s(v)=8. The transfer is now possible along strictly semiweak edges only,
i.e., it does not exceed 1/2 for each edge. But g(v)=2, so we should only investigate
the possibility that the number of edges-conductors is greater than four. A small
case analysis however shows that the number of conductors is never greater than
five. Moreover, when the number of such edges is five, the following situation takes
place: The neighbours of v may be denoted in a clockwise order as vy,vs,...,v8
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so that vy, v3, v4, vg, and vy (or vg instead of vy, which yields a symmetrical
picture) have degree 3; furthermore, the only non-triangular faces incident with v
are [...v3vvg...], [...vgvvr...] and [...vgvvy...]J. It remains to observe that in this
situation, v receives 1/2 from [...vgvvy...] due to the last part of Rule 1, so that
h(v)=8-6+1/2-5-1/2=0.
Case 4: 9 < s(v) <10. In what follows, we make use of the observation that no
weak edge-conductor is a neighbour of any edge-conductor (since w* > 10, while
the transfer occurs to vertices of degree at most five only). Note that since w** >
14, v is not incident with those weak edges which end in 3-vertices, i.e., every edge
transfers from v at most 1/2. To simplify the end of the proof, we employ the
following averaging argument. Let us take 1/6 off each edge that transfers 1/2
from v and direct this charge along such a neighbour edge of e in the boundary of f
(see Rule 2) which is not a conductor. (At least one such neighbour does exist since
e is semiweak and w* >10.) Now every edge transfers from v at most 1/2—-1/6=
1/6+1/6=1/3, therefore h(v) >s(v)—6—s(v)-1/3>0.
Case 5: s(v) >11. Now we similarly twice take 1/4 off every edge, e, which transfers
1 from v and direct these charges along the two neighbour edges of e. After that,
each edge transfers from v at most 1—2-1/4=2-1/4=1/2; therefore if s(v} > 12, we
already have what we need: h(v)>s(v)—6—s(v)-1/2>0. Consider the last subcase
s(v)=11. Observe that each strictly semiweak edge-conductor, e, is a neighbour of
some non-conductor, e/, and will therefore after averaging transfer from v at most
1/4. Tt follows, if there are at least two strictly semiweak conductors at v, then
h(v) >11-5-9-1/2—-2/4=0. But if v is incident with precisely one strictly
semiweak conductor, then it is incident with at most four weak conductors, that
yields h(v)>11—6-4-1—-1/2> 0. Finally, if v is not incident with strictly semiweak
conductors, then it suffices to note that v is incident with at most five conductors
at all due to the parity reasons, and h(v)>11-6—-5-1=0.

Thus, we have verified that h(z) >0 for each z€ VUF, which violates (3). 1§

The author cordially thanks the referees for many helpful remarks.

References

1] O. V. BoRroDIN: Simultaneous coloring the vertices, edges, and faces of planar
graphs, Met. Diskr. Anal., Novosibirsk 47 (1988), 21-27 (in Russian).

2] O. V. BORrRODIN: New structural properties of planar graphs with application in
colorings, Proc. 33rd Int. Wiss. Kollog. TH Ilmenau, Ilmenau, 1988, 159-162.

(3] O. V. BoRoDIN: On the total coloring of planar graphs, J. Reine Angew. Math. 394
(1989), 180-185.

4] B. GRUNBAUM: New views on some old questions of combinatorial geometry, Teorie
Combinatorie, Accademia Nacionale dei Lincei Roma, 1976, Vol. I, 452-468.

5] A. Kortzig: Contribution to the theory of Eulerian polyhedra, Mat. éas. 5 (1955),
233-237 (in Russian).

6] A. KoTzic: From the theory of Euler’s polyhedrons, Mat. ¢as. 13 (1963), 20-34 (in
Russian).

[71 J. MrtcHEM, and H. KRONK: A seven-color theorem on the sphere, Discrete Math.
5 (1973), 253-260.



JOINT EXTENSION OF TWO THEOREMS OF KOTZIG ON 3-POLYTOPES 125

(8] E. STEINITZ: Polyeder und Raumeinleitungen, Enzyklop. Math. Wiss. 3 (1922),
1-139.

Oleg Borodin

Institute of Mathematics
Siberian Branch of the

Russian Academy of Sciences
Novosibirsk-90, 630090, Russia



